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For real inverse temperature β, the canonical partition function is always positive, being a sum
of positive terms. There are zeros, however, on the complex β plane that are called Fisher zeros. In
the thermodynamic limit, the Fisher zeros coalesce into continuous curves. In case there is a phase
transition, the zeros tend to pinch the real-β axis. For an ideal trapped Bose gas in an isotropic three-
dimensional harmonic oscillator, this tendency is clearly seen, signalling Bose-Einstein condensation
(BEC). The calculation can be formulated exactly in terms of the virial expansion with temperature-
dependent virial coefficients. When the second virial coefficient of a strongly interacting attractive
unitary gas is included in the calculation, BEC seems to survive, with the condensation temperature
shifted to a lower value for the unitary gas. This shift is consistent with a direct calculation of the
heat capacity from the canonical partition function of the ideal and the unitary gas.
PACS numbers: 64.60.De, 05.30.-d, 05.70.Jk, 64.60.fd
I. INTRODUCTION
The canonical partition function ZN (β) of a N -particle
system is expressed as a function of β, the inverse of
the temperature T in units of kB , the Boltzmann con-
stant. For real β, it is always positive, being a sum pos-
itive terms. For complex β, however, the zeros come in
complex conjugate pairs on the complex-β plane. In the
thermodynamic limit, these zeros coalesce into continu-
ous curves. Fisher [1] pointed out that in the event of
a phase transition, the zeros pinch the positive real axis
at a value of β that corresponds to the transition tem-
perature. In this paper, we first consider ideal bosons
trapped in an isotropic harmonic oscillator. This ideal
case was first studied by Mu¨lken et al. [2], who were in-
terested in the order of the phase transition. Our focus
in this paper is on the changes in this pattern of Fisher
zeros when a strong attractive interaction between the
atoms is introduced. In particular, does BEC survive in
this situation?
While the pattern of the Fisher zeros of a unitary bose
gas has not been studied earlier, a large number of papers
have studied the stability of trapped bosons with attrac-
tive interaction [3–8]. For a bose gas, there is loss of
atoms through three-body recombination: A+A+A→
A2 + A [9, 10]. The number of three-body recombi-
nations per unit volume per unit time is proportional
to C(a)n3a4, where a is the scattering length, n the
number density of atoms, and C(a) is a dimensionless
a-dependent constant. Near unitary strength, Efimov
trimers are formed, causing atomic losses that increase
rapidly with increasing a. The equilibration rate, how-
ever, scales as na2v, where v is the average speed. Thus
it would appear that the system would lose the atoms be-
fore equilibration. Makotyn et al. [8] realized, however,
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that for a gas at unitarity, the scattering length drops
out, and the only length scale is the average interparti-
cle spacing, that goes like n−1/3. Invoking universality,
the energy varies as n2/3, and the time scales like n−2/3.
The equilibration rate, as well as the loss rate of a unitary
Bose gas should both go like n2/3. Which of these will
dominate has to be determined experimentally. One is
ignoring here the inhomogeniety of the gas due to initial
trapping, and assuming the range of the force to be too
small to be relevant. Makotyn et al. [8] start with a BEC
condensate of 85Rb atoms far from Feshbach resonance,
and then adjust the magnetic field to rapidly attain the
unitary limit. Subsequently the gas is moved away from
resonance, and allowed to evolve ballistically. They find
that the gas equilibrates rapidly compared to the loss
time. While they cannot tell whether the BEC survives
in the unitary gas, they find the momentum distribution
of the atoms to be remarkably similar to that of the ideal
degenerate Bose gas. Their work demonstrates that the
unitary Bose gas can be prepared and dynamically inves-
tigated.
Recently Piatecki and Krauth [11] have performed
a many-body Monte-Carlo calculation to describe the
Efimov-driven phase transition of a unitary bose gas.
Their Hamiltonian not only consists of a two-body at-
tractive zero-range potential, but also a three-body hard
core cut-off in the hyper radial coordinate. This prevents
a Thomas collapse of the trimers. The bosons are trapped
in an isotropic harmonic oscillator potential. The full
equation of state consists of three phases: the unitary
bose gas in the normal phase, a superfluid bose conden-
sate, and a superfluid of Efimov trimers. Piatecki and
Krauth compute the equation of state in the gas phase
numerically and in their Fig. 2 compare it with the the-
oretical result including the second and third virial co-
efficients. The agreement is good up to slightly above
the BEC transition temperature. The bose condensate
at unitarity that they find is also robust, with the con-
densate temperature somewhat lower than the ideal case.
2We shall discuss this later after presenting our results.
In this paper, we consider the Fisher zeros of both
the ideal and the unitary bose gas. This requires the
analytical form of the N -body canonical partition func-
tion ZN(β). This is known exactly for the ideal bose gas
through poperly defined temperature dependent statisti-
cal virial coefficients (Sect 3.1). For the ideal gas, taking
into account a large number of statistical virial coeffi-
cients, both sides of the peak of the heat capacity at Tc
are clearly obtained. This suggests that the virial ex-
pansion, with proper temperature dependence retained,
is applicable deep in the degenerate regime. Unfortu-
nately we cannot follow the same procedure in detail for
the unitary gas since only the second virial coefficient
is known analytically. The third virial coefficient for a
homogeneous gas has been calculated in [12] by Castin
and Werner. However, it involves three-body Efimovian
parameters in an essential way, and is given analytically
only at the low- and high-temperature ends. Excluding
the third and higher virial coefficients is a limitation of
our approach, since we do not expect the condensate tem-
perature to be accurately described then. Nevertheless,
we shall see how the pattern of the Fisher zeros changes
due to the interaction at the two-body cluster level with
a corresponding shift in the condensation temperature.
This description allows us to see if BEC survives the
strong attractive interaction at unitarity. Our calcula-
tion of the pattern of Fisher zeros qualitatively suggests
that BEC survives at unitarity, and the pattern is some-
what similar to that of the Fisher zeros of an ideal Bose
gas. Since we do not include the third virial coefficient,
we have no knowledge of the Efimov driven transition.
It should be noted that in a discussion of a unitary
fermion gas [13–15] it is shown that a high-temperature
virial expansion can match the equation of state over a
large range of fugacity, but not all the way to the super-
fluid phase. In this paper we explore similar behaviour
for BEC by studying the Fisher zeros.
The notion of unitarity in lower spatial dimensions
have been examined Castin and Werner [16], and by How
and LeClair [17]. For one-dimensional bosons, modelling
the interaction by a delta function interaction gδ(x), uni-
tarity may be defined by the S-matrix being equal to −1,
and is obtained by g →∞. This impenetrable bose gas is
equivalent to a spinless free fermi gas [18]. In two dimen-
sions, unitarity may be defined by the scattering length
a2D →∞, but this maps onto the free space problem.
The two-dimensional Bose gas trapped in an harmonic
oscillator and interacting with a weakly repulsive force
was examined semiclassically in [19, 20] and more rig-
orously by Gies et al. [21]. In [21] it was shown that
long wavelength fluctuations are suppressed by the HO
trap, and BEC is well defined for a zero-range repulsive
interaction.
II. PARTITION FUNCTION
The canonical partition function (for fixed N) is de-
fined as
ZN (β) =
∑
E
(N)
i
exp
(
−βE
(N)
i
)
, (1)
where E
(N)
i are the complete set of eigenenergies of the
N -body system including states in the continuum, if any.
The sum is taken over all states i including the degener-
ate ones. Since the energies E
(N)
i depend on the volume
of the system, there is a volume dependence in ZN(β).
To appreciate the connection between complex zeros near
the real axis to critical fluctuations at phase transition,
let us consider the canonical partition function ZN(β)
on the complex-β plane. This may be written as a prod-
uct of Z˜(β) with no complex zeros and factors explicitly
showing the zeros,
ZN (β) = Z˜N (β)
∏
r
(
1−
β
βr
)(
1−
β
β∗r
)
. (2)
For finite boson number N , the index r runs over a finite
number N (N), where N is much larger than N . The
pairs of complex conjugate zeros ensures that the parti-
tion function remains real on the real-β axis. Knowing
the distribution of zeros, one may, in principle, calculate
the thermodynamic properties of the system.
The grand canonical partition function, on the other
hand, allows for particle exchange (in addition to energy)
via the reservoir, and is defined as
Z(β, z) =
∞∑
N=0
∑
E
(N)
i
exp
(
−βE
(N)
i + βµN
)
=
∞∑
N=0
ZN (β)z
N ,
(3)
where the fugacity z = exp(βµ) and Z0(β) is defined to
be one. We shall use this form presently to include virial
coefficients in the recursion relation to calculate the N -
boson canonical partition functions.
III. TRAPPED BOSONS AND BEC
A. Calculation of ZN (β)
In order to obtain the Fisher zeros [1], we need to cal-
culate the canonical partition function ZN (β). This in
turn requires an analytical form for the one-body canon-
ical partition function Z1(β). For a single particle in a
three-dimensional harmonic oscillator, this is given by
Z1(β) =
(
∞∑
n=0
e−βεn
)3
=
(
e−β~ω/2
1− e−β~ω
)3
, (4)
3FIG. 1. The Fisher zeros for a systems of 50 or 100 ideal
trapped bosons taking into account the exact discrete energy
spectrum.
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where εn = (n + 1/2)~ω. This is the exact quantum
Z1(β). The often-used continuous version of Z1(β) is the
high-temperature limit of (4) :
Z1(β) =
1
(~ωβ)3
. (5)
It gives a continuous density of single-particle states that
grows as ǫ2. In subsequent calculations we put ~ω = 1.
For an ideal boson gas, ZN (β) may be obtained from
Z1(β) using a recursion relation [22, 23]. For bosons,
ZN(β) =
1
N
N∑
k=1
Z1(kβ)ZN−k(β) , (6)
where Z0(β) = 1. Using the recursion relation above,
Z2(β) = (Z
2
1 (β) + Z1(2β))/2. Similarly, Z3(β) is ex-
pressed in terms of Z1(β) and Z2(β), and so on. Typ-
ically, in a magnetic trap, N is very large, of the order
of 106/cc or larger for an oscillator with ~ω ≃ 1 nK. For
our calculation, it is impractical to take such large N
in the recursion relation. Theoretically, for harmonically
trapped bosons, BEC is manifest even for a small num-
ber of bosons [2, 24], though the transition temperature
is not so sharp. So far as Fisher zeros are concerned,
they still approach the real-β axis, but stop short of it
(see Fig. 1).
It is also straightforward to include the effect of inter-
action in the unitary gas at temperatures spanning the
degenerate regime, as was done for the fermionic gas in
[13–15]. This is done by using virial cluster formalism in
the grand canonical partition function. Note that
lnZ(β, z) = Z1(β)
∞∑
l=1
blz
l , (7)
where bl is the l
th order cluster integral, and b1 = 1. We
start with exponentiating the relation (7). On further
expanding the exponential in a power series of z, and
equating the series power by power to the series given
by (3),
Z(β, z) = 1 + zZ1(β) + z
2Z2(β) + z
3Z3(β) + . . . , (8)
we obtain, after some algebra,
ZN (β) =
1
N
N∑
k=1
kbkZ1(β)ZN−k(β) , (9)
where
bk = b
0
k +∆bk . (10)
In the above, b0k is the statistical, and ∆bk the interac-
tion, part of the kth order virial coefficient. For ideal
(noninteracting) bosons, replacing bk by b
0
k in (9), we
obtain (6), with
b0k =
1
k
Z1(kβ)
Z1(β)
. (11)
With these temperature-dependent virial coefficients in
(9) we recover the exact canonical partition function for
the ideal bose system. We show the β dependence of
b0k(β) for ideal boson systems in Fig. 2. The curves have
zero slope at β = 0, since in the high-temperature limit
b0k = 1/k
4.
B. Fisher zeros for ideal bosons
We first find the complex zeros of the canonical par-
tition function ZN (β) for noninteracting bosons in an
isotropic three-dimensional harmonic oscillator. For a
fixed N , the number of zeros on the complex plane, de-
noted by βr, is finite. Therefore ZN (β) may be expressed
as a finite product, as in (2) [1]. For ideal bosons, we
use the recursion relation (6). The calculation of ZN(β)
4FIG. 2. The virial coefficients of the ideal bose gas as func-
tions of β.
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for the exact case may be simplified by introducing [25]
y = e−β~ω so that
ZN(y) =
y3N/2∏N
j=1(1− y
j)3
PN (y), (12)
with P0(y) = P1(y) = 1. PN (y) is a polynomial in y and
when it is zero so is ZN (y). Since PN (y) is a polynomial
the number of zeros is equal to its degree which increases
rapidly with particle number. For example, for N = 50
ideal bosons, there are 3495 zeros. We determine a subset
to give a clear indication that the pattern of zeros pinches
the positive real β axis. For the continuum approxima-
tion, by contrast, one gets a polynomial in β, and for N
ideal bosons, the number of zeros is 3× (N − 1).
In Fig. 1 we display the Fisher zeros on the complex
β plane for N = 100 and N = 50 ideal bosons, using
the exact Z1(β) given by (4). Even for N = 50, there
is a tendency for the zeros to approach the real-β axis,
signalling condensation. For N = 100 ideal bosons, this
tendency is more pronounced. For an ideal bose gas in
an isotropic 3-dimensional harmonic oscillator, the BEC
condensation temperature is given by [26]
kBT
0
c ≃ (0.94N
1/3 − 0.69) . (13)
This yields, for N = 50, βc = 0.36, and for N = 100,
βc = 0.27, where we have put kB = 1. These are in
agreement with the estimates from Fig. 1.
Note that the statistical virial coefficients, given by
(11), are now temperature dependent. Only at high tem-
peratures do they become temperature independent, as
we shall show. We have verified numerically that we get
identical Fisher zeros of the ideal Bose gas by using (9),
with bk replaced by b
(0)
k , but retaining the proper temper-
ature dependence of the statistical coefficients. This is of
course obvious analytically, but an important first step in
introducing interactions. In the high temperature limit,
calculations are much easier if one uses Z1(β) = 1/β
3,
which is the leading term of the exact Z1(β) given by (4).
This corresponds to a continuous single-particle density
of states that grows quadratically with energy. Note from
(11) that in this approximation, the statistical virial coef-
ficients are temperature independent, given by b0k = 1/k
4.
The Fisher zeros are very sensitive to the analytical prop-
erties of the partition function, so it is interesting to see
how different the pattern of zeros with this approxima-
tion is. In Fig. 3, we show the pattern of complex zeros
of the corresponding ZN (β) for N = 50 and N = 100.
FIG. 3. The Fisher zeros for systems of 50 or 100 noninter-
acting trapped bosons with a continuous density of states.
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Comparison with Fig. 1 shows considerable difference in
detail: the number of zeros being much smaller for the
case of continuous density of states. Nevertheless, both
give agreement on the tendency of BEC setting in, al-
though βc is about 10 percent higher for the continuous
spectrum. In both, the estimated condensation temper-
ature Tc increases approximately as N
1/3.
C. Effect of unitary interaction
To include the effect of interaction, we use (9). We
consider an attractive zero-range interaction of unitary
strength that gives a zero-energy bound state in the s-
wave. We first take the exact Z1(β) given by (4). To
calculate ZN(β), it is necessary to know the exact tem-
perature dependence of bk = b
0
k + ∆bk. While this is
known for the statistical part b0k exactly, for the inter-
action part only the second virial coefficient is known
analytically [12]. The third virial coefficient is compli-
cated by the Efimov channel, and given analytically only
at the high and low temperature ends [12]. We therefore
include only the second order cluster for the interaction
part, which for bosons is given by
∆b2 =
1
2
1
cosh(~ωβ/2)
. (14)
5For the statistical coefficients b0k, all up to k = N are
included. Since the third virial coefficient is not included,
we cannot comment on the effect of the Efimov trimer
formations on the Fisher zeros.
FIG. 4. The Fisher zeros of systems of 30 bosons with discrete
energy spectrum. Not all the zeros are shown.
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(a) Zeros of an ideal system of 30 bosons. There are 1250 zeros.
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(b) Zeros of unitary system of 30 bosons. There are 1335 zeros.
For 30 bosons, Fig. 4 displays the Fisher zeros with-
out and with the unitary interaction. The exact Z1(β)
given by (4) is used. Figure 5 shows a similar compar-
ison for N = 50 bosons and N = 100 bosons, respec-
tively, without and with the unitary interaction, but in
the continuum approximation for Z1(β). In the exact
calculation, the number of zeros increases rapidly with
N . From Figs. 4 and 5, we note that the precursor to
BEC persists even with the attractive unitary interac-
tion. Moreover, despite some marked differences, there
is a similarity in the overall patterns of the Fisher zeros
of the ideal and the interacting bosons. In comparison
with the ideal bosons, the (projected) condensation tem-
perature Tc is considerably lower for the interacting one.
We surmise that even with the strong unitary attractive
FIG. 5. The Fisher zeros of systems of 100 bosons with con-
tinuous energy spectrum for an ideal and an unitary system.
In both cases there are 297 zeros.
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interaction, BEC persists, but one has to go to lower
temperatures. The shift in the critical temperature is
considerably larger in our case than in [11]. This could
be because we do not include ∆b3, and/or because N is
too small.
D. Specific heat and critical temperature
It is important to check whether thermodynamic prop-
erties calculated directly from ZN (β), are consistent with
what we found from the behaviour of the complex zeros
near the critical temperature. We note that it is straight-
forward to obtain 〈E〉 and the heat capacity per particle
from the following relations
〈E〉 = −
∂
∂β
lnZN(β) and
C
N
=
1
N
∂〈E〉
∂T
. (15)
In Fig. 6 we show the specific heat as a function of tem-
perature for the system with N = 300 obtained from the
exact partition function for both the ideal and unitary
cases. Only the interacting part of the second virial coef-
ficient (14) is included in the unitary system. Unlike the
calculation for the Fisher zeros, the specific heat calcu-
lation for a system of a larger number of particle can be
done readily. Figure 5(b) shows for the unitary system
a tendency of the pattern of zeros to pinch on the real
axis, indicating a critical temperature. This behaviour
becomes more pronounced as the number of particles in-
creases. In the case of the specific heat the maximum of
the curve does not show until a larger number of particles
is included, e.g., N = 300 in Fig. 6. The peak of the curve
becomes sharper and higher as N increases further. The
fact that the critical temperature for a unitary system is
lower than that of the ideal system is consistent with the
pattern of Fisher zeros. We also show the specific heat
6FIG. 6. The specific heat per particle for an ideal and a
unitary system of 300 bosons.
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graphs for the continuous-spectrum case of 100-particle
system in Fig. 7.
FIG. 7. The specific heat per particle for an ideal and a
unitary system of 100 bosons with the continuous spectrum
(high temperature) approximation.
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In this case the critical temperatures as read from
Fig. 5 are consistent with the temperatures at which the
peaks occur in the graph of the specific heat.
IV. CONCLUDING REMARKS
Fisher zeros for ideal and interacting bosons are ex-
amined. Since the zeros appear all over the complex β
plane, it is important to take the correct temperature de-
pendence of Z1(β), and the virial coefficients. Only the
second virial coefficient as a function of β is analytically
known. Even then, it is numerically difficult to compute
the Fisher zeros for a large number of bosons. Never-
theless, the Fisher zeros of ideal bosons even for a very
small number (like N = 30) show a tendency towards
BEC by approaching the real β axis. This tendency per-
sists, especially as the number of particles increases, even
when a strong attractive interaction of unitary strength
is introduced through the second virial coefficient. Re-
markably, the high temperature approximation with a
continuous density of states gives the same qualitative
results. The condensation temperature is projected to a
lower value for the strongly attractive interacting case,
consistent with a direct calculation of the heat capac-
ity from ZN(β). Our conclusions are subject to caution,
since the number of bosons are taken to be small, and the
interacting part of the third and higher virial coefficients
are not included. For those reasons we do not expect
the numerical value of Tc to be accurate. Even so, we
demonstrate that the behaviour of the complex zeros of
the partition function of the unitary gas is strongly cor-
related with its thermodynamic properties on the real
axis.
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